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Designing anisotropic structured materials by reducing symmetry results in unique behaviors, such as shearing 
under uniaxial compression. While rank-deficient materials such as hierarchical laminates have been shown 
to exhibit extreme elastic anisotropy, there is limited knowledge about the fully anisotropic elasticity tensors 
achievable with single-scale fabrication techniques. No established upper and lower bounds on anisotropic moduli 
exist. In this paper, we estimate the range of anisotropic stiffness tensors achieved by single-scale two-dimensional 
structured materials. We first develop a database of periodic anisotropic single-scale unit cell geometries using 
linear combinations of periodic cosine functions. The database covers a wide range of anisotropic elasticity 
tensors, which are then compared with the elasticity tensors of hierarchical laminates. We identify the regions 
in the property space where hierarchical design is necessary to achieve extremal properties. We demonstrate a 
method to construct various 2D functionally graded structures using this cosine function representation. These 
graded structures seamlessly interpolate between unit cells with distinct patterns, allowing for independent 
control of several functional gradients, such as porosity, anisotropic moduli, and symmetry. When designed with 
unit cells positioned at extreme parts of the property space, these graded structures exhibit unique mechanical 
behaviors such as selective strain energy localization, compressive strains under tension, and localized rotations.
1. Introduction

Structured materials are engineered materials that derive special 
functionality from their micro- and meso- architecture. By fine-tuning 
the micro- and meso-architecture of both periodic and aperiodic tilings, 
a diverse range of effective mechanical properties can be achieved be-

yond what is possible with the corresponding material used for fabrica-

tion [1]. As a result, the structured materials help achieve mechanical 
properties such as negative Poisson ratio [2] that their corresponding 
base materials could not achieve. Among several mechanical proper-

ties of the metamaterials, elasticity tensors provide crucial information 
related to the energy density stored in the material, and indicate the 
directions in which the structure is most resistant or compliant to the 
applied loads. Using structured materials to tune local mechanical prop-

erties in the form of elasticity tensors [3,4], it is possible to design 
mechanical cloaks [5,6], artificial bone scaffolds [7], cardiac stents [8], 
wearable haptic interfaces [9], and elastic wave manipulating devices 
[10].

Structured solids are not a new concept. Foams, for example, also 
derive their properties from their mostly hollow microstructure. How-

ever, due to the stochastic nature of the foams’ geometries, their elastic 
properties are isotropic and mostly dependent on the volume fraction 

of the material [11]. With advances in additive manufacturing, engi-

neers design structured solids beyond foams and architect the material 
systematically to get desired mechanical behavior by decoupling the 
strong dependence on the volume fraction. The designs range from 
simple truss-based lattice materials [12] to intricate spinodoid meta-

materials with arbitrary curvatures [13], frequently engineered to ex-

hibit near-isotropic behavior characterized by two elasticity parameters. 
However, when the elastic properties of structured materials become 
direction-dependent, more descriptors (elasticity tensor moduli) are re-

quired. The mechanical behavior of a completely anisotropic material is 
described by 6 independent elasticity tensor moduli in two dimensions 
(2D) and 21 moduli in three dimensions (3D), as opposed to 2 when the 
properties are direction-independent. Such a high number of indepen-

dent elastic moduli expands the design space of structured materials. 
Thus anisotropy allows for coupled deformations, such as materials that 
can shear under uniaxial compression [14] and shear-shear coupling: 
where shear deformation in one direction induces shear stresses in a per-

pendicular direction. These coupled deformations have applications in 
shape-morphing [15], mode-conversion between longitudinal and shear 
elastic waves [16], impact mitigation via energy redirection [17] and 
sound attenuation [18]. Despite many studies on shear-normal coupled 
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deformations, a comprehensive understanding of their fundamental lim-

its remains inadequate.

Designing metamaterials for anisotropy, despite their ability to at-

tain unique properties, is a challenging task. Besides the fact that fewer 
or no symmetries in the unit cell design lead to a higher degree of 
anisotropic properties, the factors that contribute to strong anisotropic 
behavior with coupled deformations remain largely unexplored. Inverse 
techniques, such as topology optimization, are frequently used to ob-

tain unit cells that possess desirable elasticity tensor [19,20]. However, 
such inverse design techniques may not always be the best approach, 
as it is not known a priori whether the prescribed elasticity tensor 
is compatible with the provided geometric parametrization. An alter-

native design approach involves predefined parametrization for the 
unit cell. This parametrization is then used to compute pre-computed 
databases, enabling the derivation of useful structure-property rela-

tionships [3,4,21–24]. These data-driven methods generate databases 
that function as quick reference tables, such as for identifying extremal 
structures at the boundary of the property space, and can serve as ini-

tial guesses for topology optimization [25]. They also provide robust 
datasets for machine learning-based design algorithms [26,27]. For ex-

ample, using the latent space provided by variational autoencoders 
(VAEs), Wang et al. [28] demonstrated how to obtain complex topo-

logical and mechanical interpolations in various unit cells. Similarly, 
Mao et al. [29] used generative adversarial networks (GANs) to discover 
new stiffer unit cells beyond the training data. By leveraging the gradi-

ents provided by artificial neural network models, it is now possible 
to perform inverse designs customized to specific anisotropic elastic-

ity tensors [30–32] and further to tailor nonlinear mechanical behavior 
[33–35]. While these unique approaches can identify unit cells with 
diverse elasticity tensors beyond the isotropic class, the range of achiev-

able properties is primarily constrained by the selected input design 
representation. Additionally, most of these approaches are restricted to 
orthotropic elasticity, where coupled deformations are absent. There is 
limited knowledge about the range of elasticity tensors, especially con-

cerning the extent to which shear-normal deformations can be coupled 
in two-dimensional single-scale structured materials.

On one hand, achieving a complete characterization of the param-

eter space in terms of the moduli becomes exceedingly difficult in the 
absence of a unique parametrization of the input geometry. On the other 
hand, defining how close the obtained designs are to the theoretical 
bounds is also challenging, as little is known about the theoretical limits 
of anisotropic elastic moduli (no known closed-form expressions) [36]. 
This range of all possible effective tensors is mathematically known 
as G-closure. In classical studies on isotropic composites, Hashin and 
Shtrikman [37,38] present a variational approach to determine the 
upper and lower bounds on the effective bulk and shear moduli (𝜅∗
and 𝜇∗) by decomposing the elastic energy into hydrostatic and devi-

atoric parts. Hence, the bulk and shear moduli directly represent the 
energy that can be stored in the composites under hydrostatic and devi-

atoric loading respectively. However, individual parameters in the fully 
anisotropic case do not hold such straightforward interpretations. Even 
in the isotropic case, there are areas in the property space of 𝜇∗ defined 
by theoretical bounds where composites are yet to be discovered [36]. 
Willis [39], Milton and Kohn [40], Cherkaev and Gibiansky [41], Al-

laire and Kohn [42] extended the theory of Hashin-Shtrikman isotropic 
bounds to orthotropic elasticity tensors, by introducing “trace-bounds”. 
These trace bounds, categorized as ‘bulk modulus type’ and ‘shear mod-

uli type’, are derived by bounding the trace of the inverse stiffness tensor 
(compliance tensor) projected onto specific tensor subspaces. These cal-

culations only establish bounds on a certain combination of elastic mod-

uli. Moreover, extending this method to fully anisotropic media with 
shear-normal coupling is non-trivial. This is because the energy cannot 
be decomposed into simple tensor components but involves a combina-

tion of them for any type of loading.

To bridge this gap, Milton and Camar-Eddine [43] expanded upon 
2

the theories proposed by Willis [39], Allaire and Kohn [42] on isotropic 
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composites to explore bounds on arbitrary stress-strain pairs in the 
anisotropic composites. The key finding from this work is that sequen-

tially layered laminates are shown to achieve these bounds on stress-

strain pairs. By examining the sum of energy and complementary en-

ergies, they show that integrating a rank-deficient material, such as 
a pentamode me tamaterial within hierarchical laminates enables the 
attainment of extremality in the stress-strain space. Pentamode materi-

als were first introduced by Milton and Cherkaev [44], suggesting that 
using pentamode materials as fundamental building blocks allows for 
the achievement of arbitrary effective anisotropic properties [45]. Gen-

erally, elasticity tensors of extremal materials exhibit rank deficiency 
[46,47], a characteristic shared by pentamode materials and hierar-

chical laminates. Additionally, hierarchical laminates also emerge as 
energy-minimizing optimal structures in various microstructure evolu-

tion problems [48–51], as they are shown to achieve constant stress or 
strain in one of the phases and leading to the optimization of the trans-

lation bounds [52].

While hierarchical structures and other rank-deficient materials 
could serve as a design guide in realizing extreme elastic anisotropy, 
physically realizing such structures demands advanced fabrication tech-

niques that are still in development. There is limited knowledge about 
the elasticity tensors achievable with single-scale fabrication techniques. 
In this paper, we address this gap by sampling a diverse database of 
anisotropic unit cells created by combining periodic cosine functions 
of varied spatial frequencies, as discussed in Section 2. The database 
properties are then compared with the properties of hierarchical lami-

nates in Section 3 for the first time (to the best of our knowledge) which 
are considered as theoretical bounds. This comparison helps identify 
the regions in the property space where hierarchical designs necessary 
to achieve extreme elastic anisotropy. In Section 4, we demonstrate a 
method to construct various functionally graded structures using this co-

sine function representation for the unit cells. We show that the graded 
structures seamlessly interpolate between unit cells with distinct pat-

terns. We then analyze the mechanical behavior of two such graded 
structures to achieve energy localization and strain localization, utiliz-

ing unit cells with extreme anisotropy in the graded design. Finally, we 
provide concluding remarks in Section 5.

2. Generating a diverse unit cell database

Our goal is to identify the range of effective anisotropic elasticity ten-

sors that can be achieved from periodic single-scale unit-cells composed 
of two isotropic phases. To accomplish this, we use a pixelated represen-

tation for the unit cell geometry parametrization. Exploring all possible 
combinations of two phases in this pixelated representation is compu-

tationally NP-hard.1 Therefore, to sample periodic diverse anisotropic 
unit cells efficiently with lower degrees of symmetry, we follow an ap-

proach introduced in our prior work [53]. This approach is inspired by 
Cahn’s method of generating Gaussian random fields [13,30,54]. Ad-

ditionally, this method is inspired by the observation that the power 
spectral density of microstructures in metallic systems tends to be sparse 
and has peaks highly concentrated at lower spatial frequencies [55,56], 
explained in detail in Appendix A.1 and Fig. A.10. We first define a pe-

riodic function 𝑓 (𝑥1, 𝑥2), as a linear combination of cosine functions:

𝑓 (𝑥1, 𝑥2) =
∑
𝑚,𝑛

𝐴𝑚𝑛 cos
(
2𝜋(𝑚𝑥1 + 𝑛𝑥2)

)
,

∀(𝑥1, 𝑥2) ∈ [−0.5,0.5], ∀𝑚,𝑛 ∈ℤ,
(1)

where 𝑚, 𝑛 are spatial frequencies, and 𝐴𝑚𝑛 are the corresponding cosine 
function weights Fig. 1A. The function is then thresholded at different 
values, to generate a family of unit cells, as shown in Fig. 1B.

1 For example, a 100 × 100 periodic pixelated representation requires the 

computation of mechanical properties of 299×99 = 29801 unit cells.
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Fig. 1. (A) Various anisotropic unit cells can be sampled by thresholding periodic functions composed of several cosine spatial modes, (B) Variation of unit cell 
patterns with the fill fraction of the stiff phase as the threshold value is changed from 0 to 1 for a particular periodic function. The elastic properties of a unit cell 
normalized with Young’s modulus of the stiff phase (bottom-inset), and the variation of the threshold–fill fraction curve for different realizations of the periodic 
function (top-inset). (C) As the number of spatial modes is increased, finer patterns arise in the designs and unit cells tend to be less anisotropic, (D) To generate 
non-square unit cells, the directions along which the function is periodic can be varied. Rectangular, oblique, and rhombus-shaped unit cells are shown for a fixed 
unit cell pattern.
Several notable observations can be made for this approach. Firstly, 
the periodicity in the unit cells is ensured by directly selecting cosine 
functions. Interestingly, choosing between sine and cosine as the funda-

mental periodic function does not affect the distribution of the resulting 
properties. We pick the weights as independent random variables uni-

formly distributed between −1 and 1. However, there are no constraints 
on the range of the coefficients 𝐴𝑚𝑛 as the function is always normal-

ized to fall in the range from to 1 before thresholding. By controlling the 
symmetries in the weights, we can control the symmetries in the unit 
cell. For instance, if 𝐴𝑚𝑛 =𝐴𝑛𝑚, the result is diagonally symmetric unit 
cells. A detailed discussion on the choice of 𝐴𝑚𝑛 and its effect on the 
symmetries of the geometry and the elasticity tensor is included in the 
Appendix A.1. Adjusting the pixel density allows us to generate unit cells 
with arbitrary resolutions as need-based. By increasing the threshold 
value of the function Eq. (1), the fill fraction of the stiff phase increases 
monotonically. Each function exhibits a different rate of monotonic in-

crease in the fill fraction, as illustrated in the top inset of Fig. 1B. In this 
particular work, a few refinements have been made to our previous de-

sign approach [53]. The number of spatial modes is a hyperparameter 
2𝜁+1, with 𝜁 = max(𝑚, 𝑛). In Fig. 1C, the variation of typical feature 
sizes is shown when the number of spatial modes is varied. Increasing 
the number of spatial modes leads to smaller feature sizes and increased 
randomness, resulting in unit cells that tend to be less anisotropic. The 
shape of the unit cell is also an important factor for achieving anisotropic 
properties and is a design choice that is often overlooked. By modifying 
the directions of periodicity in the proposed periodic function definition 
Eq. (1), we can also generate non-square unit cells as shown in Fig. 1D 
(explained in detail in Appendix A.2). Overall, this method allows us 
to systematically explore a large property space, identify structures that 
exhibit the desired anisotropic elasticity tensors and is suitable for es-

timating theoretical bounds on the anisotropic moduli, as discussed in 
the next section. Further, the coefficients 𝐴𝑚𝑛 are sampled randomly to 
generate 2000 different functions and the threshold is varied for 100 in-

crements resulting in a database size of 200000 unit cells as opposed to 
only 100 unit cells in our previous work [53].

Each unit cell’s effective material properties are then computed us-

ing a numerical homogenization scheme [57,58]. The homogenization 
scheme is based on length scale separation and follows a two-scale 
asymptotic expansion of stress equilibrium equation. The resulting ef-
3

fective properties are equivalent in the average energy stored in the 
unit cell for all possible loading conditions. In computing the effective 
properties, we fix the pixel resolution at 100. For the gray phase, we 
use a stiffer material DM8530 (𝐸 = 1 GPa, 𝜈 = 0.3) and for black 
phase, we use a softer material Tango Black (𝐸 = 0.7 MPa, 𝜈 = 0.49), 
representative of materials from commercial multi-material Connex 3D 
printer. The material properties are experimentally determined follow-

ing the ASTM D638 -14 standard test method. We follow Voigt notation 
to describe the homogenized constitutive law, assuming plane-strain 
condition as⎡⎢⎢⎣
𝜎1
𝜎2
𝜎6

⎤⎥⎥⎦ =
⎡⎢⎢⎣
𝐶11 𝐶12 𝐶16
𝐶12 𝐶22 𝐶26
𝐶16 𝐶26 𝐶66

⎤⎥⎥⎦
⎡⎢⎢⎣
𝜀1
𝜀2
2𝜀6

⎤⎥⎥⎦ . (2)

where 𝐶11, 𝐶12, 𝐶22, 𝐶16, 𝐶26, 𝐶66 are the six independent elasticity ten-

sor parameters in a given reference frame, 𝜀1 , 𝜀2 are the axial strains, 
𝜀6 is the shear strain, 𝜎1, 𝜎2 are the axial stresses, and 𝜎6 is the shear 
stress. The homogenized elastic properties of one of the unit cells, nor-

malized with Young’s modulus of the stiff phase, are shown in Fig. 1B 
(bottom inset). In order to satisfy thermodynamic stability, parameters 
along the diagonal of Eq. (2) are always positive, while the parameters 
on the off-diagonal could be negative. 𝐶11 directly relates the axial stress 
𝜎1 with axial strain 𝜀1, while 𝐶16 relates the axial stress 𝜎1 with shear 
strain 𝜎6, and so on. The off-diagonal moduli 𝐶16, 𝐶26 are also known as 
shear-normal coupling parameters. We aim to determine the maximum 
and minimum values a single parameter can reach relative to the oth-

ers, as discussed in the following section. This understanding helps us 
evaluate the extent of shear-normal coupling induced by anisotropy.

3. Data visualizations

3.1. Fill fraction plots

In Fig. 2, the data of material properties 𝐶11, 𝐶12, 𝐶16 is plotted as a 
function of the fill fraction of the stiff phase. Analogous plots of the ef-

fective homogenized bulk modulus (𝜅), shear modulus (𝜇) and Poisson’s 
ratio (𝜈) are shown in Fig. S1. All the parameters are normalized with 
Young’s Modulus of the stiff phase. Note that 𝐶22 , 𝐶66 have similar prop-

erty distribution as that of 𝐶11 while 𝐶26 property distribution is similar 
to 𝐶16 and hence these parameters are not plotted for brevity. As there 

are no closed-form expressions for the theoretical bounds on anisotropic 
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Fig. 2. Plots of fill fraction of stiff phase vs. (A) 𝐶11, (B) 𝐶12, (C) 𝐶16 from this database. All the plots are normalized with the Young’s modulus of the stiff phase. 
Properties of hierarchical laminates are used as theoretical bounds. Rank-1 laminates are indicated with lime yellow color, rank-2 laminates are indicated with green 
color and rank-3 laminates are indicated with blue color. Representative unit cells at the boundary are pointed out using arrows. The unit cells away from the bounds 
contain non-trivial patterns and some of them are displayed in the subsequent figures. In the plot of the fill fraction vs. 𝐶16, both rank-2 and rank-3 laminates achieve 
nearly the same range.
moduli, the range of properties achieved by hierarchical laminates upto 
rank-3 is used as a substitute and indicated in the same plots. Please 
refer to Appendix A.3 for a discussion on theoretical bounds and Ap-

pendix A.4 and Fig. A.11 for the construction and computation of the 
effective properties of the hierarchical laminates. First, we observe that 
in all property plots, rank-2 laminates (shown in green) significantly 
expand the property range compared to rank-1 laminates (shown in 
lime yellow). However, the transition from rank-2 to rank-3 laminates 
(shown in blue) shows minimal improvement across all moduli except 
for 𝐶12. For 𝐶12, the negative region is only accessible with rank-3 lam-

inates, and this range shows minimal dependence on the fill fraction 
beyond 25%. Both rank-2 and rank-3 laminates reduce the strong de-

pendence on achieving higher values for specific moduli, allowing stiffer 
anisotropic properties beyond linear scaling with a low fraction of the 
stiff phase. Additionally, hierarchical laminates demonstrate that using 
anisotropic constituent phases can significantly enhance the range of 
achievable properties in single-scale two-phase composites.

Our database consisted of unit cells achieving the bounds predicted 
by rank-1 laminates, specifically in the fill fraction ranging between 
30% - 80%. To understand the effect of spatial frequencies, the same 
plots are plotted in different colors with data constructed from adding 
a specific number of spatial frequencies (Fig. S2). It is observed that 
adding higher spatial modes doesn’t necessarily increase the reach in 
the property space. In fact, adding higher spatial modes is detrimen-

tal to producing anisotropic structures beyond spatial modes of order 3. 
While square unit cells were sufficient to explore the extremes of the di-

agonal moduli, the range of the off-diagonal moduli is enhanced with 
the use of non-square unit cells (Fig. S3). For 𝐶11, the structures at the 
upper bound are laminate-like structures aligned along the 𝑥1 direc-

tion, while those at the lower bound are laminates aligned along the 𝑥2 . 
For 𝐶12, the unit cells at the upper and lower bounds are non-laminate-

like. In the negative 𝐶12, the discovered unit cells do not approach the 
bounds of rank-3 laminates and feature chiral patterns and/or orthogo-

nally aligned thin features. For 𝐶16, the upper bound unit cells are skew 
laminates tilted towards right, while those at the lower (negative) bound 
are the same skew laminates, but flipped.

Hierarchical architectures play a significant role in structural in-

tegrity and functionality across systems of various length scales (e.g. 
spider silk) [59]. This hierarchy is often present in non-rectangular coor-

dinate systems. For example, wire ropes used in structural engineering 
contain helical strands arranged in a hierarchical manner, enhancing 
efficient load transfer and their strength by distributing tensile forces 
uniformly throughout the cross-section, regardless of the bending direc-

tion [60]. In biological systems, spinal discs, which are annular cylinders 
surrounding the spine in the vertebrae, provide shock absorption, sup-

port, and flexibility to the spine. Their load-bearing protein, collagen, is 
4

distributed in a multi-layered laminar fashion [61]. Similarly, the tym-
panic membrane of the human ear, which is responsible for efficient 
sound transmission and protecting the delicate structures within the ear, 
is conical in shape and features collagen structured in a trilaminar fash-

ion with radial and circumferential patterns [62]. These observations 
along with findings from our work further emphasize the importance of 
incorporating hierarchical designs to enhance the design capabilities.

3.2. Pair property plots

Often, multiple components of the elasticity tensor contribute to the 
overall mechanical behavior. Therefore, we also examine the pair prop-

erty plots. For a total of 6 material parameters, there are a total of 
(6
2

)
= 

15 distinct pair property plots. However, due to the symmetry nature of 
the property plots, it is sufficient to consider only a subset of the plots. 
For example, the property plot of 𝐶11 vs 𝐶16 would be the same as 𝐶22 vs 
𝐶26. As the goal of this paper is to identify anisotropic structure-property 
relations, specifically shear-normal coupling, the property plots associ-

ated with the off-diagonal parameters of the elasticity tensor are dis-

cussed in detail. Therefore, the property plots corresponding to 𝐶16 vs. 
𝐶26, 𝐶16 vs. 𝐶12, 𝐶11 vs. 𝐶22, 𝐶66. 𝐶12 are shown in Fig. 3. Please re-

fer to Fig. S4 for the rest of the pair-property plots. In the same plots, as 
discussed earlier, the range of properties achieved by hierarchical lami-

nates is used as a substitute for theoretical bounds. Each laminate class 
data is plotted separately in Figs. S5 to S7 to highlight their differences.

In the property plot of 𝐶16 vs. 𝐶26 shown in Fig. 3A, we observe that 
there is a strong correlation along the line inclined at 45◦ . This means 
for many of the unit cells, both 𝐶16 and 𝐶26 have the same sign. Hierar-

chical laminates uncorrelated this behavior and achieved unit cells with 
opposing signs for 𝐶16 and 𝐶26. The unit cells identified on the boundary 
of this property space resemble rank-1 laminates. As discussed in [63], 
𝐶16 +𝐶26 and 𝐶16 −𝐶26 are components of the invariants of the elastic-

ity tensor under coordinate transformation. Each of these sums signifies 
a different contribution to the stored elastic energy (see Eqs. (S11) and 
(S12) in Appendix S-I). In the property plots of 𝐶66 vs. 𝐶12 and 𝐶11 vs. 
𝐶12 shown in Fig. 3E-F, there are generally very few data points with 
a negative value of 𝐶12, especially at high values of 𝐶66. Again, the 
negative region for 𝐶12 is only accessible with rank-3 laminates. The 
combination 𝜅 = 1

4

(
𝐶11 +𝐶22 + 2𝐶12

)
, known as the bulk modulus, is 

an invariant. This imposes a restriction on the negative bound of 𝐶12
to ensure that 𝜅 remains positive. The parameter 𝐶66 −𝐶12 is invariant 
under coordinate transformation. Therefore, 𝐶66 vs. 𝐶12 plot for rank-

1 laminates is strictly a single linear line. 𝐶66 vs. 𝐶12 plot for rank-2 
and rank-3 laminates is composed of several such lines with different 
slopes, which is clearly observed in Fig. S6. Note that the elasticity ten-

sor bounds are also dependent on the Poisson’s ratio of the softer phase 
[64] especially if the soft phase is near incompressible. However, we did 

not study the effect of this parameter on the bounds in this paper.
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Fig. 3. Plots of (A) 𝐶16 vs. 𝐶26, (B) 𝐶16 vs. 𝐶12, (C) 𝐶16 vs. 𝐶66, (D) 𝐶22 vs. 𝐶16 (E) 𝐶66 vs. 𝐶12 and (F) 𝐶11 vs. 𝐶12 from this database. All the plots are normalized 
with the Young’s modulus of the stiff phase shown in gray color. Rank-1 laminates are indicated with lime yellow color, rank-2 laminates are indicated with green 
color and rank-3 laminates are indicated with blue color. Representative unit cells at the boundary are pointed out using arrows. In the plot of 𝐶16 vs. 𝐶26, both 
rank-2 and rank-3 laminates achieve nearly the same range.
To validate the effective homogenized behavior of unit cells, we con-

ducted experiments on finite tessellations of four different unit cells in 
a separate study [53]. In this study, we successfully identified all the 
anisotropic moduli including shear-normal coupling parameters. The 
results showed that at least 10 repeated unit cells in the tessellated struc-

ture are required to satisfy homogenization conditions.

4. Functionally graded structures

4.1. Method of generation of functionally graded structures

Functionally graded structures have been shown to exhibit unique 
mechanical behavior such as enhanced energy absorption [65], avoid-

ing shear-banding [66] and, mimicking bone stiffness [30]. To generate 
such structures, often the parametrization associated with the structure 
such as truss thickness is adjusted [67–69]. Therefore, these approaches 
are particularly effective in controlling the isotropic Young’s Modulus, 
relative density, and to some extent, the degree of orthotropic elasticity 
[70,71]. However, achieving smooth spatial gradients in the anisotropic 
mechanical properties while ensuring the connectivity of adjacent unit 
cells is challenging. Here, we illustrate the construction of functionally 
graded anisotropic structures with seamless transition between unit cells 
with distinct patterns.

For this purpose, we use the proposed functional representation used 
to generate unit cells in Section 2. We introduce the local variables 
𝑥1, 𝑥2 as well as the global variables 𝑋1, 𝑋2. The global variables are 
defined only on a coarser grid, while the local variables are defined on 
a finer grid. In a graded structure with 𝑝 × 𝑞 unit cells, with 𝑝, 𝑞 ∈ ℤ+, 
the global variables change at discrete locations given by the unit cell 
centers, while the local variables 𝑋1, 𝑋2 change at each pixel location 
within the unit cell at a given 𝑥1, 𝑥2. The function that is required to 
generate the graded structure ℎ(𝑥1, 𝑥2, 𝑋1, 𝑋2) is thus given by

ℎ(𝑥1, 𝑥2,𝑋1,𝑋2) = 𝛽(𝑋1,𝑋2)𝑓1(𝑥1, 𝑥2) + 𝛼(𝑋1,𝑋2)𝑓2(𝑥1, 𝑥2), (3a)

= 𝛽(𝑋1,𝑋2)
∑
𝑚,𝑛

𝐴𝑚𝑛 cos
(
2𝜋(𝑚𝑥1 + 𝑛𝑥2)

)
+ 𝛼(𝑋 ,𝑋 )

∑
𝐵 cos

(
2𝜋(𝑚𝑥 + 𝑛𝑥 )

)
, (3b)
5

1 2
𝑚,𝑛

𝑚𝑛 1 2
where 𝛼(𝑋1, 𝑋2), 𝛽(𝑋1, 𝑋2) ∈ [0, 1] are weighing parameters such that 
𝛼(𝑋1, 𝑋2) + 𝛽(𝑋1, 𝑋2) = 1. An increase in 𝛼 signifies the increase in the 
contribution of second function 𝑓2(𝑥1, 𝑥2) in the interpolated unit cell. 
The threshold to generate graded structure from the function is subse-

quently set by a bilinear interpolation determined by the thresholds set 
for the unit cells at the ends. This method allows for independent con-

trol of several functional gradients, such as porosity, anisotropic moduli, 
and symmetry. In Fig. 4A-D, various functionally graded structures are 
shown with different gradients along the 𝑋1-axis using Eq. (3a) while 
maintaining periodicity along the 𝑋2-axis. Fig. 4E-F shows the bilinear 
interpolation between four unit cells with different anisotropic behav-

ior at four corners of the boundary. By using nonlinearly interpolated 
weighing parameters, various graded designs such as radial, elliptical, 
spiral, star, and many more can be created. Fig. 5 illustrates the de-

signs interpolated non-linearly using the unit cells depicted in Fig. 4C. 
More examples on the graded designs are added to the supplementary 
information (see Fig. S8, Fig. S9,Fig. S10, Fig. S11, Fig. S12). In the 
next section, we investigate the mechanical behavior in two gradient 
structures with nonlinear interpolations in eliciting atypical mechanical 
behavior.

4.2. Mechanical behavior of graded structures

4.2.1. Selective elastic energy localization

Energy localization refers to the phenomenon where strain energy 
in a material or structure is concentrated in specific regions. Energy 
localization finds use in applications such as mechanical sensing [72], 
and energy harvesting [73]. Here we show that graded structures with 
anisotropic unit cells achieve selective energy localization, i.e., differ-

ent localization behavior under different loading conditions. We achieve

this using functionally graded structures with strategically selected unit 
cells in a radially interpolated design. The unit cells are chosen such 
that unit cell #1 at the boundary is obtained by a 90◦ rotation of the 
unit cell #2 at the interior. The fill fraction of the stiff phase of both the 
unit cells is 80% respectively. Therefore, this choice makes most of the 
unit cells in the 20 × 20 interpolated structure also have uniform fill 
fractions close to 80%. A uniform fill fraction is selected in the graded 

design to isolate the impact of differences in stiffness parameters from 
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Fig. 4. Functionally graded anisotropic metamaterial generation between two unit-cells with different spatial characteristics such as (A) increasing fill fraction of 
the stiff phase while using the same periodic function, (B) interpolation from asymmetric to symmetric unit-cells by changing the symmetry in the function weights, 
(C) interpolation between two asymmetric structures with distinct anisotropic properties, (D) interpolation between unit-cells with an increasing number of spatial 
modes in the periodic function, (E, F) bilinear interpolation between four unit cells with different anisotropic behavior at four corners of the boundary.
unit cells that may also be affected by varying fill fractions. The (vector-

ized) stiffness tensor of the unit cell #1 at the boundary is [0.698 0.131 
0.221 0.138 0.095 0.150]𝑇 .2 Therefore, the (vectorized) stiffness tensor 
of the unit cell #2 is [0.221 0.131 0.698 0.095 0.138 0.150]𝑇 .

We subject this graded structure to three different loading condi-

tions namely, tension along 𝑥2 direction, simple shear along applied on 
the top edge towards 𝑥1 direction, and a biaxial tensile loading by pre-

scribing a displacement of 1.5 mm. In Fig. 6, the elastic energy density 
stored in the structure, defined as 𝑊 = 1

2𝝈 ∶ 𝜺 is obtained from finite 
element analysis (FEA). Here we have used the Einstein summation con-

vention, assuming summation over repeated indices, and the double dot 
“:” indicates a double contraction of indices. The energy density is plot-

ted first just in the stiff phase, then as areal (volumetric) average at 
each unit cell while including both the phases. The energy distribution is 
then compared with an effective isotropic medium. The isotropic equiv-

alent is calculated by replacing unit cell with a material whose bulk and 
shear moduli are that of Hashin-Shtrikman upper bound for the corre-

sponding fill fraction. We observe that under tensile loading the energy 
distribution becomes significantly localized in a few unit cells in the 
central region. In contrast, for the simple-shear boundary condition, the 
energy is localized in the diagonal region. For the biaxial loading con-

2 In the vectorized format, the stiffness components are ordered as 
6

[𝐶11, 𝐶12, 𝐶22, 𝐶16, 𝐶26, 𝐶66]𝑇 .
dition, energy is distributed in the region exterior to the center.3 The 
unit cell #2 in the interior has a higher 𝐶22 compared to the unit cell 
#1 at the boundary. Therefore, under tensile loading along 𝑥2 direction, 
the interior region acts stiffer compared to the exterior region. This ge-

ometric frustration results in increased stresses in the interior region. 
Subsequently, the energy is significantly localized in the center. As for 
shear loading, the shear-normal coupling in the unit cells distributes the 
stresses along the identified diagonal region. In the biaxial loading con-

dition, although the fill fraction of all the unit cells is almost same, the 
interior region is under relatively lower stresses. If both the unit cells 
were to be isotropic, this distinctive energy localization is not seen. The 
gradient structures can thus localize energy which can be programmed 
to have a specific failure mode and/or localize stresses and strains in a 
preprogrammed location. We further demonstrate the general applica-

bility of this effect when tested with two other unit cells (see Fig. S13).

While plotting the energy density distribution provides valuable in-

sights, localization occurs due to all stress and strain components. To 
delve deeper into this, we select unit cells where the interior region 
contains those with negative values for 𝐶12, while the exterior region 
contains positive values for 𝐶12, as depicted in Fig. 7. The (vectorized) 
stiffness tensor of the unit cell #1 (UC1) at the boundary is [0.134 0.082 
0.370 -0.050 -0.120 0.107]𝑇 . Similarly, the (vectorized) stiffness ten-

3 It should be noted that the maximum value of the energy density for three 
loading cases is different. We are interested in the distribution over the exact 

values of the energy density.
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Fig. 5. Functionally graded metamaterials with various nonlinear interpolations: (A) diagonal, (B) circular, (C) semi-circular, (D) hyperbolic, (E) annular, (F) parabolic, 
(G) star, (H) spiral, and (I) orbital. The inset colormap illustrates the variation of the interpolation parameter 𝛼(𝑋1, 𝑋2), transitioning from blue to red, showing how 
it changes from one unit cell to another. Each graded structure contains 30 × 30 unit cells. The 1D linear gradient depicted in Fig. 4C is utilized for all the nonlinear 
interpolations presented.
sor of the unit cell #2 (UC2) in the interior is [0.171 -0.009 0.096 
0.001 -0.017 0.248]𝑇 . The fill fraction of the stiff phase for the unit 
cells is [73.7%, 59.2%] respectively. The behavior of this design un-

der tensile loading is studied. In this specific scenario, we observe that 
unit cells in the interior exhibit chiral characteristics, resulting in lat-

eral expansion akin to auxetic behavior. Conversely, unit cells in the 
exterior, lacking chirality, contract laterally under tensile loading. This 
geometric mismatch compels interior unit cells to experience compres-

sion despite their inherent tendency to expand. Consequently, the region 
with softer-like properties bears greater stresses and strains, leading to 
a concentration of energy in the center.

4.2.2. Non-affine deformations

Non-affine deformations refer to deformations of a material where 
the local strain or displacement of the material points does not follow 
the global deformation applied to the material. Often soft materials such 
as polymers, biological tissues, and granular systems exhibit non-affine 
deformations due to the rearrangement of molecules, particles and/or 
grains [74,75]. Such non-affine deformations play a crucial role in en-

ergy dissipation.

Here, we present an example of inducing non-affine deformations in 
metamaterials on a global scale by utilizing functionally graded struc-

tures with strategically selected unit cells. The two unit cells selected for 
interpolation are chosen such that their off-diagonal shear-normal cou-

pling moduli are opposite in sign while the other moduli and fill fraction 
are comparably close. We then create an annular interpolated structure 
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as discussed in Fig. 5C with 20 unit cells along each axis. Please refer to 
Fig. S14 for more details on the selection of unit cells and their interpo-

lation. The (vectorized) stiffness tensor of the unit cell in the boundary 
upon normalization is [0.374, 0.101, 0.108, 0.134, 0.066, 0.110]𝑇 . The 
(vectorized) stiffness tensor of the unit cell in the annular region upon 
normalization is [0.115, 0.121, 0.494, -0.084, -0.147, 0.138]𝑇 . The fill 
fraction of the stiff phase for the unit cells is [62.7%, 69.5%] respec-

tively. As a result, most of the unit cells in the 20 x 20 interpolated 
structure have fill fractions close to 65%.

This structure is subjected to a tensile loading along 𝑥2 direction by 
prescribing a displacement of 1.5 mm at the top end. In Fig. 8, the nu-

merical simulations (assuming linear elasticity) reveal that the horizon-

tal displacements exhibit a rotation-like characteristic under this tensile 
loading. We further experimentally corroborate the same behavior using 
full-field measurements obtained using digital image correlation (DIC) 
[76–78]. More details on the experimental procedure can be found in 
Appendix S-II. The difference in the vertical component of the displace-

ment field (𝑈2) is minimal. The horizontal component of the displace-

ment field (𝑈1) from experiments aligns well with the simulation in the 
annular region (around the central region of the specimen). However, 
the difference in the horizontal component is significant at the top-right 
and bottom-left boundaries. A plausible explanation for such deviation 
could be local material nonlinearity due to stress concentrations. Al-

though our simulations assumed planar deformations, these additively 
manufactured specimens actually undergo complex three-dimensional 
deformations [79]. This is discussed in detail further in Fig. S17.

This non-affine deformation behavior seems to arise from the incom-
patibilities in the off-diagonal shear-normal coupling moduli (𝐶16, 𝐶26) 
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Fig. 6. Demonstration of selective energy localization: (A) Unit cell selection based on the extremity in the property space plot of 𝐶11 vs. 𝐶22. (B) Radially graded 
design with 20 × 20 tessellation from the chosen unit cells named UC1, UC2. The inset color map shows the variation of interpolation parameter 𝛼(𝑋1, 𝑋2). (C) 
Distribution of (normalized) elastic energy stored in the circularly interpolated structure for tensile, shear, and biaxial loading displaying selective energy localization 
arising from anisotropy of the unit cells. The first row shows the energy distribution in just the stiff phase, the second row shows the energy averaged over each unit 
cell, the third row shows the energy distribution in a continuum-isotropic equivalent.

Fig. 7. Compressive strains under tensile loading: (A) Unit cell selection based on the extremity in the property space plot of 𝐶26 vs. 𝐶12, such that (B) the radially 
graded design from the selected unit cells that can be additively manufactured using only the stiff phase. (C) Normalized energy distribution in the stiff phase under 
tensile loading applied along 𝑥2 direction. (D) The plot of the sum of principal strains (compressive part only) in the stiff phase which shows compressive strains in 
the interior region of the radially graded design under the applied tensile loading. Due to geometric incompatibility, the unit cells in the interior undergo compressive 
strains and compressive stresses under tensile loading.
between the two selected unit cells. The unit cells with positive shear-

normal coupling moduli have a preferential direction to shear under 
tension, which is opposite to the preferential direction of the unit cells 
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with negative shear-normal coupling moduli. Therefore this incompati-
bility in the preferential direction to shear under tension creates internal 
torque and directs the annular region to rotate while extending in the 
𝑥2 direction. In Fig. S15, we demonstrate that the observed behavior 

can also be seen in other pairs of unit cells with opposing shear-normal 
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Fig. 8. Rotation-like deformation under tensile loading in a gradient structure made with annular interpolation. The prescribed displacement is 1.5 mm. The unit cell 
selection is discussed in Fig. S14. The geometric incompatibility between two unit cells with opposing shear-normal coupling behavior leads to non-affine deformation. 
The top row shows finite element simulation results while the bottom row shows the displacement contours measured using the digital image correlation (DIC) on 
an additively manufactured specimen.
coupling moduli. Additionally, experimentally measured strains are pre-

sented for this example in Fig. S16, indicating the localization of strain 
around the annular region.

Further, we explore the mechanical behavior of a tessellation ob-

tained by repeating the supercell 4 × 4 times. We define the supercell 
as the entire annular interpolated structure shown in Fig. 8 with 20 ×
20 unit cells. In Fig. 9, we plot the displacement and strain contours 
from the FEA on this supercell tessellation subjected to tensile loading 
by prescribing a displacement of 1.5 mm.4 We observe that the non-

affine rotation-like deformations induced by geometric frustration are 
present in this supercell tessellation at all the annular regions. Addi-

tionally, there is an observed gradient in this non-affine behavior in 
the horizontal displacement component (𝑈1). However, the magnitude 
of the horizontal displacement is reduced compared to the single su-

percell. There are non-local interactions from the neighboring annular 
regions. Similar behavior is observed in the case of supercell tessellation 
of example #2, as shown in Fig. S18. This suggests that the length scale 
as well as the separation between the annular regions play a significant 
role in affecting this rotation-like behavior, indicating the need to uti-

lize micropolar elasticity in the context of such non-affine deformations 
in mechanical metamaterials [80].

In the future, a detailed investigation into this scale dependence 
could be conducted using a multi-scale homogenization approach. Fur-

ther, it is interesting to note that when this structure is subjected to 
simple shear loading no distinct non-affine deformation is observed, 
as the unit cells don’t differ in the shear-modulus like parameter 𝐶66 . 
Therefore, investigations on the role of incompatibilities in other moduli 
may unveil new insights into graded structures experiencing geometric 
frustration under other complex loading conditions. Finally, exploring 
other choices of unit cells with contrasting moduli interpolated non-

linearly could reveal unseen atypical mechanical behavior, which we 
leave for future work. In metallic materials with microstructure, defects 
such as grains and grain boundaries serve as strengthening mechanisms 

4 Due to computational limitations, we limit our study to a 4 × 4 tessellation 
and reduce the unit cell size to 50 pixels from 100 pixels. For this 4 × 4 super-

cell tessellation, therefore, there are a total of 4 × 4 × 20 × 20 = 6400 unit cells 
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resulting in a finite element mesh with 6400 × 50 × 50 = 16, 000, 000 elements.
by creating incompatibilities that obstruct simple deformation paths. 
For example, twin boundaries that arise when a sufficiently high shear 
load is applied, act as an energy dissipation mechanism contributing 
to the plasticity of various metals. Therefore, the nonlinear interpola-

tions introduced in this work could be utilized to design strengthening 
mechanisms in metamaterials, notably for energy dissipation and im-

pact loading, extending beyond lattice materials as discussed further in 
[81].

5. Conclusions

In this paper, we estimate the range of anisotropic stiffness ten-

sors achieved by single-scale two-dimensional structured materials. We 
compare the property ranges reached by these single-scale architected 
materials with the extensive property space achieved by hierarchical 
laminates. In all property plots, we observed that rank-2 laminates sig-

nificantly broaden the property range compared to rank-1 laminates. We 
identify regions in the property space, particularly focusing on off-axis 
shear-normal coupling parameters, where hierarchical designs or the 
use of two anisotropic constituent phases are necessary to cover a wide 
property space. The bounds estimated alongside the unit cell database 
could serve as a design tool for the design of extremal metamaterials. 
By utilizing unit cells with extreme anisotropy that lie on the property 
gamut boundary, we design and fabricate functionally graded metama-

terials exhibiting behaviors such as energy localization and localized 
rotations. These behaviors are atypical to the corresponding boundary 
conditions, arising from incompatibilities in the deformation modes of 
the unit cells. We then established the concept of supercells which were 
created by tessellating an entire annular graded structure. In supercell 
designs, we observed that the annular regions displayed non-local inter-

actions leading to length-scale dependent behavior.

Although our study primarily focused on exploring 2D linear elastic 
properties, the proposed method has the potential to estimate similar 
bounds for three-dimensional structured materials with shear-shear cou-

pling. The diverse range of geometries compiled in our database could 
also prove useful for studying nonlinear phenomena such as dispersive 
wave propagation, and viscoelastic behavior in two-phase composites. 

Furthermore, the exploration of other supercell tessellations incorpo-
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Fig. 9. Mechanical behavior in a 4 ×4 supercell tessellation design subjected to tensile loading. The supercell consists of unit cells with opposing shear-normal coupling 
arranged in an annular interpolation scheme, which is the entire specimen considered in Fig. 8. The displacement contour 𝑈1 displays multiple regions of rotation-

like deformation arising from incompatibilities in the deformation modes of the unit cells. 𝜎11, 𝜎22 contours (in units of MPa) display how these incompatibilities in 
𝐶16, 𝐶26 lead to alternative regions of compressive and tensile stresses in the tessellated supercell undergoing tensile loading. 𝜎12 contour shows the rotation-induced 

ion 
shear stress localization. All the strain contours further corroborate the localizat

rating different interpolation schemes could potentially open up new 
avenues in the design of multi-scale metamaterials and their nonlinear 
behavior.
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of the strains around the annular interface.

Appendix A. Database of elasticity tensors

A.1. Fourier analysis of pixelated geometries

Here, we justify the selection of cosine functions for unit cell 
database generation. Two unit cells are considered for comparison: the 
first unit cell is randomly generated, lacking distinctive patterns, and 
appearing almost noisy; the second is obtained using the method in Sec-

tion 2. After Gaussian filtering, the Fourier spectrum of both unit cells 
is shown in Fig. A.10. To better illustrate the distribution of frequen-

cies, the zero-frequency component, which represents the image’s mean 
value and has the highest magnitude, is removed from the plots. For the 
almost noisy unit cell, the spectrum shows peaks across a wide range of 
spatial frequencies. In contrast, the second unit cell’s spectrum is con-

centrated at lower spatial frequencies. This concentration justifies our 
choice of representation with very small spatial frequencies for gener-

ating the unit cells studied in this paper.

Further, in Table A.1, we compare the relation between four different 
exemplary function weights 𝐴𝑚𝑛 and the elastic tensor symmetries. Note 
that 𝐴00 corresponds to the central element of the matrix shown here. 
All the geometries are generated at a function threshold value of 0.6 and 
𝜁 = max(𝑚, 𝑛) = 2. For 𝑍2 symmetry class, all the weights are entirely 
random. If the weights possess a plane of symmetry, like a diagonal sym-

metry 𝐴𝑚𝑛 = 𝐴𝑛𝑚, it results in unit cells with 𝐷2 symmetry. Similarly, 
if 𝐴𝑚𝑛 = 𝐴−𝑚𝑛 (mirror symmetry in weights), it also results in 𝐷2 sym-

metry. If the weights possess two planes of symmetry, 𝐴𝑚𝑛 =𝐴−𝑚𝑛 and 
𝐴𝑚𝑛 =𝐴𝑛𝑚, it results in unit cells with 𝐷4 symmetry. 𝑂2 symmetry class 

requires use of rhombus-shaped unit cell (see [82].)
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Fig. A.10. Fourier spectrum comparison of two different types of unit cells: (A) Inset shows a unit cell obtained as a random binary image with its corresponding real 
part of the Fourier spectrum. (B) Inset shows a unit cell obtained from the method described in Section 2 with its corresponding real part of the Fourier spectrum. 
Both the unit cells are chosen such that they have same fill fraction of the stiff phase.

Table A.1

Relation between four different exemplary function weights 𝐴𝑚𝑛 and the elastic tensor symmetries. All 
the geometries are generated with a function threshold value of 0.6 and 𝜁 =max(𝑚, 𝑛) = 2.

Function weights (A) Geometry Normalized Stiffness 
Tensor (𝑪H)

Symmetry 
Class

⎡⎢⎢⎢⎢⎢⎣

0.97 0.53 0.93 0.29 −0.24
0.45 −0.22 0.99 −0.01 −0.59

−0.28 −0.12 0.10 0.59 −0.89
0.89 −0.68 −0.56 0.39 0.01

−0.96 −0.62 −0.42 −0.79 0.12

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣

0.19 0.08 −0.05
0.08 1.05 −0.06

−0.05 −0.06 0.06

⎤⎥⎥⎦ 𝑍2

⎡⎢⎢⎢⎢⎢⎣

0.05 0.42 0.05 0.33 −0.66
0.42 0.11 0.01 −0.45 −0.15
0.05 0.01 0.48 −0.01 −0.78
0.33 −0.45 −0.01 0.60 0.53

−0.66 −0.15 −0.78 0.53 0.88

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣

0.29 0.12 −0.03
0.12 0.29 −0.03

−0.03 −0.03 0.09

⎤⎥⎥⎦ 𝐷2

⎡⎢⎢⎢⎢⎢⎣

0.41 −0.37 −0.02 −0.37 0.41
−0.65 −0.73 0.87 −0.73 −0.65
−0.18 −0.02 −0.41 −0.025 −0.18
0.17 −0.78 −0.29 −0.78 0.17
0.12 −0.04 0.53 −0.04 0.12

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣
0.62 0.27 0.00
0.27 0.74 0.00
0.00 0.00 0.19

⎤⎥⎥⎦ 𝐷2

⎡⎢⎢⎢⎢⎢⎣

−0.01 0.18 0.200 0.18 −0.01
0.18 −0.15 0.03 −0.15 0.18
0.20 0.03 −0.15 0.0 0.20
0.18 −0.15 0.03 −0.15 0.18

−0.01 0.18 0.20 0.18 −0.01

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎣
0.52 0.23 0.00
0.23 0.52 0.00
0.00 0.00 0.15

⎤⎥⎥⎦ 𝐷4
A.2. Non-square unit cell data generation

In a 2D periodic system, the unit cells can be rectangular, square, 
parallelogram-shaped, or irregularly hexagonal. Using the concepts of 
Bravais lattices and Brillouin zone, it is sufficient to consider an arbitrary 
parallelogram-shaped unit cell defined by the side lengths 𝑎, 𝑏 and the 
angle between the edges 90◦−𝜃, to describe all possible unit cell shapes 
completely [82]. The values for parallelogram 𝑎 = 1, 𝑏 = 1, 𝜃 = 30◦
would give an equivalent regular hexagonal unit cell. Therefore, to 
generate non-square unit cell data, we considered several non-square 
oblique unit cells when the angle parameter is varied such that −45◦ <
𝜃 < 45◦, while the ratio of side length is varied such that 0.3 ≤ 𝑎

𝑏
≤ 3.

A.3. Theory of bounds on anisotropic elasticity tensors

For isotropic composites, Hashin and Shtrikman [37,38] introduced 
a variational approach to determine the upper and lower bounds on the 
effective bulk and shear moduli (𝜅∗ and 𝜇∗) by decomposing the elastic 
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energy into hydrostatic and deviatoric parts. However, the elastic energy 
cannot be decomposed to obtain variational bounds on the independent 
moduli in the anisotropic case. Recently Milton et al. [84] and Milton 
and Camar-Eddine [43] addressed this problem in terms of the stress 
and strain energy pairs and establishing bounds on the sum of the elastic 
and the complementary energies. Let the four energy functions 𝑊 𝑘

𝑓
, 𝑘 =

0, 1, … , 3, that characterize the set 𝐺𝑈𝑓 of possible elastic tensors 𝑪∗
be defined by

𝑊 0
𝑓

(
𝝈
0
1,𝝈

0
2,𝝈

0
3
)
= min

𝑪∗∈𝐺𝑈𝑓

3∑
𝑗=1

𝝈
0
𝑗
∶𝑪−1

∗ 𝝈
0
𝑗
, (A.1a)

𝑊 1
𝑓

(
𝝈
0
1,𝝈

0
2,𝜺

0
1
)
= min

𝑪∗∈𝐺𝑈𝑓

[
𝜺
0
1 ∶𝑪∗𝜺

0
1 +

2∑
𝑗=1

𝝈
0
𝑗
∶𝑪−1

∗ 𝝈
0
𝑗

]
, (A.1b)

𝑊 2
𝑓

(
𝝈
0
1,𝜺

0
1,𝜺

0
2
)
= min
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Fig. A.11. (A,B,C) Construction of hierarchical laminates of rank-1, rank-2 and rank-3 respectively. For rank-2 laminates, the stiff and soft phases of rank-1 are 
further laminated in an arbitrarily chosen direction, not necessarily identical to the lamination direction of the rank-1 laminate. Similarly for rank-3 laminates, each 
rank-1 lamination in rank-2 laminate is laminated again in arbitrary directions. The fill fraction and relative orientation in each sequence of hierarchy are fixed to 
show the distinction of hierarchy. (D) G-closures are defined by the minimum values of sums of energies and complementary energies. The coordinates represent 
components of the elasticity tensor. The convexity of the G-closure ensures that the surfaces of energies and complementary energies touch every point tangentially 
on its boundary (adapted and redrawn from Figure 30.1 in [83]). Further, it has been shown that the composites that lie on the boundary of this G-closure are usually 

hierarchical laminates.

Each energy function 𝑊 𝑘
𝑓
, 𝑘 = 0, 1, … , 3, here represents the sum of 

three elastic energies, each obtained from an experiment where the com-

posite, with effective tensor 𝐂∗, is either subject to an applied stress 
𝝈
0
𝑖

or an applied strain 𝜺0
𝑖
. A total of three stresses 𝝈0

𝑖
and 𝜺0

𝑖
are 

applied simultaneously on the composite. The optimization of these 
energies to find 𝑪∗ for the applied stresses and strains is non-trivial. 
However, applying the key conclusions from [39,42,85], Milton and 
Camar-Eddine [43], Milton et al. [84] discuss how sequentially layered 
laminates (or hierarchical laminates) minimize the sum of energies and 
complementary energies. In other words, G-closure can be seen as the 
G-closure of hierarchical laminates which is explained in Fig. A.11. In 
two-dimensions, it is sufficient to consider laminates up to rank-3, if the 
constituent phases are isotropic. It is also worth noting that hierarchical 
laminates, with isotropic type effective elasticity tensor, simultaneously 
achieve Hashin-Shtrikman bulk and shear bounds [57].

A.4. Construction of hierarchical laminates

Multiple-rank laminate materials are hierarchical materials created 
through an iterative lamination process at increasingly larger length 
scales. A rank-one laminate consists of two isotropic phases, which can 
be viewed as rank-zero laminates. A rank-(𝑚) laminate is formed by 
layering a rank-(𝑚 − 1) laminate with a laminate of rank-(𝑚 − 1) or 
lower, as shown in Fig. A.11. In two dimensions, it is sufficient to con-
12

sider laminates up to rank-3 to estimate theoretical bounds, especially 
when the constituent materials are isotropic, as the 2D elasticity tensor 
has only three eigenvalues. Rank-1 laminates typically have one very 
high non-zero eigenvalue and two near-zero eigenvalues, while rank-2 
laminates have two very high non-zero eigenvalues and one near-zero 
eigenvalue. To compute the effective properties of a higher rank-𝑚 lam-

inate, the constituent phases are replaced from isotropic to the relevant 
anisotropic phases of rank-(𝑚 −1) laminates (see Figs. S5 to S7). A rank-1 
laminate is strictly defined by two parameters, the fill fraction of the stiff 
phase and the angle of orientation of the lamination. A rank-2 laminate 
is defined by four extra parameters the fill fraction of the stiff phase and 
the angle of orientation of each of the phases of the previous rank-1 lam-

inate. Similarly, a rank-3 laminate is defined by eight extra parameters. 
Suppose, there are 11 different fill fractions and 18 different laminate 
orientations. This results in a total of 11 × 18 = 198 elasticity tensors 
for rank-1 laminates. For rank-2 laminates, the total number of possible 
elasticity tensors is (11 ×18)3 = 7762392. For rank-3 laminates, the num-

ber increases to (11 ×18)7. First, the effective properties of all the rank-1 
laminates are obtained by using two isotropic constituent phases for 
homogenization. To compute the effective properties of higher rank-𝑚

laminates, the constituent phases are replaced from isotropic to the rel-

evant anisotropic phases of lower rank (see Fig. S5 to S7). To reduce the 
number of computations for the rank-3 laminates database, a subset of 

randomly chosen rank-2 elasticity tensors (about 1%) are used.
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Appendix B. Supplementary material

Supplementary material related to this article can be found online at 
https://doi .org /10 .1016 /j .matdes .2024 .113348.
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